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Abstract
Thermo-elastoplastic analysis considering the phase transformation has been widely 

used to predict the residual stress and distortion that accompanies the heat treatment. In the 
heat treatment simulation, transformation plasticity should be treated implicitly as it is rel-
evant to the current stress field. Furthermore, the complex mechanical response caused by 
temperature change and phase transformation often leads to stress reversals, which may 
require kinematic hardening models in the heat treatment simulation. However, few of the 
previous studies have considered both the fully-implicit formulation and kinematic harden-
ing model in the thermo-elastoplastic analysis including transformation plasticity. In this 
paper, therefore, thermo-elastoplastic constitutive relations considering the transformation 
plasticity and kinematic hardening are formulated with the return mapping algorithm, and 
heat treatment simulations of the steel cylinder are performed based on the proposed formu-
lation. The calculated residual stresses show good agreement with the XRD measurements, 
and the capability of the fully implicit stress integration with the kinematic hardening mod-
el is demonstrated.

1. Introduction
Quenching is the heat treatment process that hardens steel mate-

rial members in consequence of forming the martensite structure by 
rapid cooling from the austenitizing temperature. Various machine 
parts requiring high strength are commonly strengthened by quench-
ing; however, the quenching frequently causes undesired distortion 
and/or residual stress in the members due to the difference of the 
cooling rate between the surface and the inner part of members. In 
addition, the volume change caused by the phase transformation 
also causes undesired distortion. Since these problems cause dimen-
sional errors and/or deterioration in the fatigue strength of products, 
studies on the mechanism of generation of the residual stress have 
been conducted, and the optimization of production processes has 
been attempted. To date, a number of studies 1–13) dealing with the fi-
nite element method considering the phase transformation have 

been reported, and general-purpose software for the heat treatment 
simulation 4–6) has been developed. We have constructed a heat treat-
ment simulation code 7) independently by incorporating a computa-
tional facility for the phase transformation to Abaqus, a general-pur-
pose finite element analysis software, and have applied the software 
to the simulation of heat treatment in a number of steel products. 

The elastoplastic analysis step is divided into small time incre-
ments to simulate material nonlinearity, and in each time increment 
repetitive computation (iteration) is applied until the equilibrating 
solution between the internal force and the external force is ob-
tained. In the computation of the stress increment corresponding to 
the strain increment at each integration point during the iteration, 
the return mapping algorithm 14) is mainly used in static analysis. 
The return mapping algorithm is a method which pulls back the 
elastically predicted trial stress to the yield surface by generating 
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plastic strain increments. 
During the progress of the phase transformation due to heat 

treatment, a large plastic strain is generated even when a stress low-
er than the yield stress of the material is applied. Such phenomenon 
is termed transformation plasticity. As the said transformation plas-
ticity strain can become equal to or larger than the thermal strain 
and/or the plastic strain, it affects greatly the prediction of the resid-
ual stress caused by heat treatment. The transformation plasticity 
strain is proportional to the applied stress, of which the coefficient 
of proportionality is termed the transformation plasticity coefficient. 
By using the experimentally measured transformation plasticity co-
efficient, the transformation plasticity strain is calculated, and by 
adding the transformation plasticity strain to the elastic strain and/or 
the plastic strain in the thermo-elastoplastic analysis, various types 
of analysis are conducted. 2–13) When the transformation plasticity 
strain is not considered in the return mapping algorithm, as the 
stress value at the current time is not appropriately incorporated in 
the calculation of the transformation plasticity, the equilibrium of 
the stress at the current time is not guaranteed, and the deterioration 
of analysis accuracy is caused. There are few detailed reports re-
garding the formulation of the return mapping algorithm that incor-
porates the transformation plastic strain calculated by using the 
abovementioned transformation plasticity coefficient.

Furthermore, in the inside of the material undergoing heat treat-
ment, the cooling rate varies region by region, and the phase trans-
formation and/or the generation of strain are heterogeneously devel-
oped. Therefore, the stress in the member varies complicatedly, 
causing the reversal between tension stress and compressive stress. 
Such reversal can take place as frequently as multiple times. 15) Ac-
cordingly, by applying the kinematic hardening model to the heat 
treatment simulation, improvement of accuracy is expected in the 
residual stress prediction. In the past several studies, the kinematic 
hardening model was used for the analysis of the welding and 
quenching behavior. 1, 13)

Regarding the heat treatment simulation, there are several stud-
ies that deal with the implicit solution incorporated with transforma-
tion plasticity, 10, 11) or verify the effect of the kinematic hardening 
model. However, there have been no reports that deal with these 
theories simultaneously or study in detail the influence thereof on 
the analysis accuracy.

This study introduced the formulation of the return mapping al-
gorithm of the elastoplastic constitutive relation incorporated with 
the transformation plasticity and the kinematic hardening model, 
and the prediction accuracy of the residual stress is inspected by 
conducting a quenching simulation of a steel cylinder. The influence 
of the implicit integration scheme on analysis accuracy is inspected 
by comparing the analysis results of the implicit and explicit calcu-
lation of transformation plasticity in the stress integration, and the 
hardening models are also inspected by comparing the quenching 
analysis results of the isotropic hardening model and the kinematic 
hardening model with the residual stress measured by X-ray diffrac-
tion.

2. Analysis Program
2.1 Calculation of transformation plasticity

In the heat treatment simulation, the strain attributed to the phase 
transformation needs to be considered in addition to the elastic 
strain, plastic strain, and the thermal strain used in the elastoplastic 
analysis,. The total strain increment Δε in a time increment Δt when 
the phase transformation in the small deformation is considered is 

expressed by the following formula.
 Δε = Δεe + Δεp + Δεv + ΔεTP   (1)

Where, Δεe: elastic strain increment, Δεp: plastic strain increment, 
Δεv: thermal and transformation strain increment, ΔεTP: transforma-
tion plasticity strain increment. Δεv is the strain increment attributed 
to the isotropic volume change caused by the changes in tempera-
ture and the metallic microstructure which can be calculated from 
the temperature T and the volume fraction ξI of the phase I as fol-
lows. 8)

 Δεv =     − 1    (2)

Where the subscripts n and n+1 denote the values at the time of nt 
and the time of n+1t = t + Δt. ρI (T) is the density of the phase I at the 
temperature of T which is calculated from the prediction formula 
proposed by Miettinen 16) that is based on the chemical composi-
tions.

Regarding the transformation plasticity strain ΔεTP, Denis et al. 2) 
proposed the following formula assuming that the transformation 
plasticity ΔεTP depends on the volume fraction ξ of the formed phase 
and is proportional to the stress.

 dεTP = 3K 1 − ξ  dξ S   (3)
Where S is the deviatoric stress and K is the transformation plasticity 
coefficient. In this study, the following formula, the extended formu-
la of Formula (3) that meets the case with multiple phase transfor-
mation, was used.

 ΔεTP = ∑ 3KI 1 − ∑ ξJ  ΔξI S   (4)

Where KI is the transformation plasticity coefficient of the phase I. 
Since the transformation plasticity strain increment is proportional 
to the value of the deviatoric stress, the value of the stress at the cur-
rent time is necessary for the calculation of the transformation plas-
ticity strain increment.

When calculating the transformation plasticity strain increment 
explicitly, the stress increment and the plastic strain increment are 
implicitly calculated by the return mapping algorithm of the elasto-
plastic constitutive relation without considering the phase transfor-
mation after the transformation strain increment and the transforma-
tion plasticity strain increment are subtracted from the total strain 
increment as external force terms such as the thermal strain incre-
ment. Namely, the transformation plasticity strain increment is cal-
culated by using not the stress of n+1σ at the current time of n+1t but 
the stress of nσ at the previous time of nt. Therefore, the equilibrium 
of stress at the current time of n+1t is not guaranteed, and an error is 
generated against the correct solution. Deterioration of accuracy due 
to the error is unavoidable. As Fig. 1 shows, the error of n+1σ at the 
time of n+1t can be reduced by making the time increment Δt smaller. 
However, in the case that the time increment Δt is reduced, the num-
ber of increments, namely the number of computations, increases 
and the analysis time increases.

Then, by executing the return mapping algorithm that considers 
the transformation plasticity, the analysis accuracy was improved by 
not calculating the transformation strain increment explicitly but by 
calculating the transformation plasticity strain increment together 
with the stress increment and the plastic strain increment implicitly. 
To execute this analysis, the formulation of the return mapping algo-
rithm employing the elastoplastic constitutive relation considering 
the transformation plasticity is required.
2.2 Calculation of phase transformation

In the heat treatment simulation, the calculation of the change in 
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the phase fraction is required. Although the prediction of the phase 
transformation at an arbitrary temperature and an arbitrary time is 
possible by using the TTT curve of the subject steel, it is difficult to 
prepare the TTT curves for all steel types. Kirkaldy et al. 17) proposed 
a prediction formula for the transformation of steel for any chemical 
compositions. In this study, the modified form of the formula of 
Kirkaldy et al. proposed by Li et al. 18) is used, which is expressed as 
the following in the form of the isothermal transformation rate.

     =  ξI
0.4 (1−ξI) 1 − ξI  

0.4 ξI (5)

Where, FI: function of weight percent concentration of alloying ele-
ments of C, Si, Mn, Cr, Ni, Mo, kI: constant which is determined by 
fitting to a number of publicized TTT data, Q: activation energy of 
diffusion transformation, GA: austenite grain size number, R: gas 
constant, and m is a constant. TI: transformation temperature which 
is the Ae3 temperature for ferrite, Ae1 temperature for pearlite, and 
Bs temperature for bainite. The prediction formula for the transfor-
mation upper limit temperature based on chemical compositions 18, 19) 
has been proposed. Assuming that the temperature is constant dur-
ing a minimal time, the phase fraction in continuous cooling is cal-
culated by integrating Formula (5). In the case of martensite with 
diffusionless transformation, the change in the phase fraction pro-
gresses depending on the temperature, regardless of time. Koistinen 
et al. 20) proposed the following regression formula based on the ex-
perimental data to estimate the martensite phase fraction, and this 
formula was used in this study.

 ξM = 1 − exp { − 0.011  Ms − T  }   (6)
Where Ms is the martensite start temperature and a prediction for-
mula based on chemical compositions 19) is used therefor.
2.3 Hardening model

In the cooling process of quenching, the cooling rate varies re-
gion by region in the inside of the material undergoing heat treat-
ment, and the phase transformation and/or the strain are heteroge-
neously developed. Therefore, the stress in members varies compli-
catedly, causing the reversal between tensile stress and compressive 
stress multiple times. In the metallic material subject to repetitive 
loads, a model of kinematic hardening is used as the hardening 
model to express the elastoplastic behavior such as the Bauschinger 
effect, which the isotropic hardening model is unable to express. 
Then, the prediction accuracy of the residual stress caused by 
quenching is expected to be improved by introducing the kinematic 

hardening model to the heat treatment simulation. Then, in this 
study, in formulating the return mapping algorithm, the use of the 
kinematic hardening model was realized by employing the elasto-
plastic constitutive relation incorporated with the kinematic harden-
ing model.

von Mises yield criterion that is generally used for metallic ma-
terials was used, and the mixed hardening model consisting of the 
isotropic hardening model and the kinematic hardening model was 
used. In the case that the kinematic hardening model is considered, 
von Mises yield function is expressed by the following formula.

 f = σ
_
 − Y = √    S − α'  :  S − α'  − Y = 0  (7)

Where, σ
_
: equivalent stress, Y: yield stress, and α' : deviatoric back 

stress.
The back stress is the variable that expresses the shift of the 

yield surface in the stress space. The model of Armstrong-Fredrick 21) 
is employed as the evolved model of the back stress, which is de-
fined as the sum of the pure linear kinematic hardening term and the 
relaxation term of nonlinearity. By adding the nonlinear term, the 
stress-strain diagram can be expressed with high accuracy which the 
bilinear approximation is unable to express by fitting. The back 
stress α' is expressed by the superimpositions of the components α'i 
of the back stress, and expressed as the following.

 α' = ∑ α'i     (8)

 n+1α'i = nα'i + ci Δεp − bi Δp n+1α'i   (9)
Where, ci, bi: material constant, and Δp: equivalent plastic strain 
increment defined as Formula (10) below.

 Δp = √   Δεp : Δεp    (10)

2.4 Formulation of return mapping algorithm
The formulation of the elastoplastic constitutive relation incor-

porating the transformation plasticity and the kinematic hardening 
model is shown below. The stress nσ at the time of nt is assumed to 
be known, and the stress n+1σ at the time of n+1t is expressed by the 
following formula.

       n+1σ = n+1C : 
n+1εe

 =  
n C + ΔC  :  

n εe + Δεe 

 = n C : 
nεe + ΔC : 

n εe +   
n C + ΔC  : Δεe

 = nσ + ΔC : 
n εe + n+1C :  Δε − Δεv − Δεp − ΔεTP  (11)

Where, C: elastic coefficient tensor, and ΔC: increment of C due to 
change in temperature

In the case that there is no dependency of transformation on 
stress as in Formulae (5) and (6), as the thermal and transformation 
strain increment does not depend on the stress, and does not influ-
ence the return mapping algorithm, the strain increment of the total 
strain increment subtracted with Δεe, Δεp and ΔεTP is used, which is 
outlined as follows.

 ΔεM = Δε − Δεv    (12)
When all the strain increment is assumed as elastic strain, the stress 
is termed as the elastic predictor, which is expressed by the follow-
ing formula.

 σ (T) = nσ + ΔC : 
n εe + n+1C : ΔεM   (13)

Formula (11) is expressed as follows using the elastic predictor.
 n+1σ = σ (T)

 − n+1C :  Δεp + ΔεTP     (14)
Based on the flow rule, the plasticity strain increment Δεp is ex-
pressed as follows.

dξI

dt
2kI GA

  TI − T 
 m exp  − Q/RT 

FI  C, Mn, Si, Ni, Cr, Mo 
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Fig. 1   Schematic diagram of analysis error
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 Δεp = Δp  =   
n+1S − n+1α'   (15)

The parts not dependent on the stress in Formula (4) do not change 
during the execution of the return mapping algorithm, and are de-
fined as Δh.

 Δh = ∑ 3KI 1 − ∑ ξJ  ΔξI   (16)

Formula (4) is expressed as follows using Δh.
 ΔεTP = Δh n+1S    (17)

By inserting Formulae (17) and (15) into Formula (14), removing 
the deviators from both sides, and using the conditions of Formula 
(7), Formula (14) becomes the following.

Δp   +   ∑   =   − n+1Y (18)

Where θ
_

 and θ are expressed as follows.

 θ
_

 = √   θ : θ    (19)

 θ = S (T) − 1 + 2n+1 GΔh  ∑     (20)

Where, S(T): deviator of elastic predictor σ(T) and G: shear modulus
By solving Equation (18), Δp is obtained. Since Equation (18) is 

a nonlinear equation with respect to Δp, it is computed numerically 
by the Newton-Raphson method to obtain the solution. 

With the determination of the equivalent plastic strain increment, 
the stress and the respective strains at the time of n+1t are renewed as 
follows.

    n+1σ = n+1S +  tr σ (T)  I = θ  + n+1α' +   tr σ (T)  I (21)

 n+1α' = ∑  +  ∑  Δp   (22)

 n+1εp = nεp +  Δp    (23)

 n+1εTP = nεTP + Δh n+1S   (24)

 n+1εe = nεe + ΔεM −  Δp  − Δh n+1S  (25)

Where I is the identity tensor of the 2nd order. In the case that the 
plastic strain is not produced and only the transformation plastic 
strain is produced, the return mapping algorithm is not executed and 
the respective stress and the respective strain are renewed by input-
ting Δp = 0 to Formulae (21)–(25) instead.

In the elastoplastic analysis, when the equilibrium solution of 
the model is found, the calculation of the consistent tangent modu-
lus that expresses the relation between the stress increment and the 
strain increment is necessary. The consistent tangent modulus Cep 
incorporating transformation plasticity is expressed by the formula 
below. The derivation process is omitted.

                   
n+1H'  +   ∑   

  − 3G'    ∑   : 
    C ep = C' −  3G' −    ⊗  

   +   ∑  

  + n+1H' −    ∑   :  

                 −  3G' 
                  −      

∑   ⊗  

      +   ∑   

     + n+1H' −    ∑   :   
(26)

C ' and G ' in Formula (26) are expressed as follows.

 C' = 2G' I
4
 +  K −  G'   I⊗ I  (27)

 G' = n+1G  
n+1Y +  Δp 

∑       (28)

Where, K: bulk modulus, I
4
: identity tensor of the 4th order, and H ': 

work hardening coefficient expressed as H ' = ∂Y/∂Δp.

3.	 Verification	and	Validation	of	Analysis	Accuracy
3.1 Validation of effect of stress integration

The calculation functions of the above phase transformation and 
the return mapping algorithm were incorporated into the user sub-
routine of Abaqus, and the quenching analysis was executed. By 
comparing the analysis results of the explicitly and implicitly exe-
cuted calculations regarding the transformation plasticity, the analy-
sis accuracy was inspected. For the sake of comparison, the maxi-
mum allowable temperature change in the increment ΔTmax was var-
ied. The value of the time increment is determined so that the tem-
perature increment does not exceed the predetermined ΔTmax. There-
fore, if the maximum allowable temperature change in the increment 
ΔTmax is large, the time increment becomes large and the analysis re-
sult error also becomes large.

Figure 2 shows the two-dimensional axisymmetric model simu-
lating a steel cylinder 18 mm in diameter and infinitely long in the 
axial direction. Axisymmetric quadrangular first-order elements 
numbering 74 nodal points and 36 elements are used. All elements 
are of a 0.25 × 0.25 mm square shape, and the distances between 
nodal points are equal. As the boundary conditions: the displace-
ment in the radius direction of the nodal points on the center axis is 
fixed, the displacement of the nodal points on the bottom edge in the 
z-direction is fixed, and the model is constrained so that the dis-
placement of each nodal point on the top edge is all equal in the z-
direction (equivalent to the generalized plain strain condition). The 
steel model was heated uniformly from the initial temperature of 
20°C to 930°C at a heating rate of 1°C/s, and its surface was cooled 
under the conditions of an ambient temperature of 20°C and the heat 
transfer coefficient of 4 000 W/m2K. Material data of SCr420 were 
used. The actually measured values of mechanical properties such 
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Fig.	2			Simplified	analysis	model	of	steel	cylinder
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as Young’s Modulus and the stress-strain curve were used. The ther-
mal properties such as heat conductivity and specific heat were pre-
dicted and used, using Miettinen’s formula 16) based on the chemical 
compositions of SCr420.

Figure 3 shows the distributions of the circumferential residual 
stress in the radial direction after the completion of quenching in the 
heat treatment simulation, obtained by the explicit and implicit cal-
culations of the transformation plasticity. The maximum allowable 
temperature change in the increment ΔTmax is set at 1°C. The result 
indicates that the practically equal analysis results can be obtained 
from both calculations in the case that the time increment is suffi-
ciently small.

Figure 4 shows the distributions in the radial direction of the 
circumferential residual stress after the completion of quenching in 
the heat treatment simulation, wherein the transformation plasticity 
was calculated and obtained explicitly (a) and implicitly (b), and the 
influence of the change in the maximum allowable temperature in 
the increment ΔTmax was examined. In the case that the transforma-
tion plasticity is calculated explicitly, the larger the time increment 
is, the larger the error becomes. In the case that ΔTmax exceeds 
100°C, the realization of correct analysis becomes almost impossi-
ble. On the other hand, in the case that the transformation plasticity 
is calculated implicitly, even though the time increment is large, the 
error is small as compared with that of the explicit calculation, and 
the analysis of high accuracy can be executed. Since sufficient anal-
ysis accuracy is maintained even when the time increment is large, 
the analysis computation speed can be enhanced by increasing the 
time increment.
3.2 Validation of convergence rate

The validity of the consistent tangent modulus of Formula (26) 
was inspected by examining the convergence rate of the iteration. In 
the elastoplastic analysis, the consistent tangent modulus is used 
when calculating the correction amount of the displacement incre-
ment in the Newton-Raphson method, where the quadratic conver-
gence rate is guaranteed when the consistent tangent modulus is 
correct. The analysis model of Section 3.1 was used. In order to in-
spect Formula (26) precisely, the kinematic hardening model was 
used for the hardening model, and the convergence of the increment 
in which both the plastic strain increment and the transformation 
plasticity strain increment occur was inspected. The parameters of 
the kinematic hardening model were obtained by fitting the model 
to the stress-strain curve of the uniaxial tensile test of the respective 
phase in the temperature range from 20°C to 900°C. Formula (26) is 
unsymmetrical, and the solver of the symmetrical matrix cannot be 

used, therefore, the computation cost becomes higher.
Figure 5 shows the relationship between the iteration and the 

maximum residual nodal force in the convergence computation of 
the equilibrium solution of the model. From Fig. 5, it was confirmed 
that the residual nodal force converges quadratically by using the 
consistent tangent modulus worked out in this study, and that the 
derivation of the consistent tangent modulus is valid.

4. Application to Quenching Analysis
4.1 Analysis method

In order to inspect the influence of the hardening model in the 

Fig. 3   Distribution of circumferential residual stress after quenching

Fig.	4			Distribution	of	circumferential	residual	stress	varying	ΔTmax

Fig. 5   Relationship between iteration and maximum residual nodal force
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heat treatment simulation, the quenching analysis using only the 
isotropic hardening model as the hardening model, and the one us-
ing only the kinematic hardening model were conducted. The simu-
lation results were compared with the XRD-measured residual stress 
obtained from the quenching test conducted from May, 2009 until 
March, 2012 by the quenching and its simulation study group of 
The Japan Society for Heat Treatment 22). Figure 6 shows the two-
dimensional axisymmetric analysis model simulating a cylinder of 
18 mm in diameter and 100 mm in length. The number of nodal 
point is 3 096, the number of elements is 2 944, and the minimum 
element size is 0.2 mm. As the boundary condition, the displacement 
in the radius direction of the nodal points on the center axis and the 
displacement in the z-direction of the nodal points in the center were 
fixed. After heating uniformly from the initial temperature of 20°C 
to 850°C at the heating rate of 1°C/s, its surface was water-cooled. 
The heat transfer coefficient was determined by means of inverse 
analysis based on the measured result obtained from an actual 
quenching test 22). The material data of SCr430 were used.
4.2 Analysis result and examination

Figure 7 shows the history of the circumferential stress and the 
plastic strain at the surface of the center part of the cylinder. Figure 
7 confirms that in either case of the isotropic hardening model or of 
the kinematic hardening model, tensile stress and tensile plastic 
strain are produced immediately after the start of cooling. After that, 
when the stress is reversed toward the compression direction, a dif-
ference in the elastoplastic behavior is observed between the kine-
matic deformation model and the isotropic deformation model. Dif-
ferently from the plastic strain in the kinetic hardening model mov-
ing in the direction of compression, in the isotropic hardening mod-
el, the plastic strain hardly changes. Therefore, the difference in the 
stress is considered to have emerged. As the plastic strain has greatly 
changed after the stress reversal, it was confirmed that the yield sur-
face has shifted and the yield stress has decreased by applying the 

kinematic hardening model.
Figure 8 shows the distribution of the residual stress at the sur-

face after quenching in the axial direction of the cylinder when the 
isotropic hardening model and the kinematic hardening model were 
applied. The tensile residual stress with the application of the kine-
matic hardening model is smaller than the one with the application 
of the isotropic hardening model, and is closer to the values mea-
sured by X-ray diffraction. Therefore, it was shown that the predic-
tion accuracy of the heat treatment residual stress is improved by ap-
plying the kinematic hardening model to the heat treatment simula-
tion.

5. Conclusion
This study shows the formulation of the return mapping algo-

rithm of the elastoplastic constitutive relation incorporating the 
transformation plasticity and the kinematic hardening model, and by 
conducting an analysis simulating the quenching test of a steel cyl-
inder, the effect of the implicit calculation of the transformation 
plasticity on the improvement of the analysis accuracy was inspect-
ed, and the validity of the hardening model was verified by compar-
ing the residual stress obtained by the quenching analysis with the 
result measured by X-ray diffraction.

As a result thereof, it was confirmed that the analysis accuracy 
can be improved greatly by calculating the transformation plasticity 
implicitly rather than explicitly. Furthermore, in the quenching 
where the reversal between the tensile stress and the compressive 
stress is observed, the residual stress closer to the experimental re-
sult was obtained by introducing the kinematic hardening model to 
the heat treatment simulation.

The heat treatment simulation program established in this study 
is applied to the problem-solving in the heat treatment of actual 
products. Concerning products such as gears and shafts for automo-
bile use where the strain produced in quenching is problematic, this 
program has shown good results by elucidating the mechanism of 
the generation of heat treatment distortion, and by proposing the 
strain-reducing quenching method.

This article was introduced in “Materials” 23), the Journal of The 
Society of Materials Science, Japan, and its copyright belongs to the 
Society.
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