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1.	 Introduction
When a metal material is subjected to plastic deformation, the 

internal energy of the material increases due to many lattice defects 
that are introduced into the crystals, and the material is hardened. 
When the crystals are heated, the lattice defect density decreases 
and the material is softened. Such energy release process includes 
recovery, recrystallization, and grain growth, and plays a vital im-
portant role in the microstructural control of polycrystalline materi-
als.1) The cost will be high if the optimum annealing conditions that 
differ depending on the steel grade are experimentally derived, and 
there are limitations to the optimization of conditions using empiri-
cal relationships. Accordingly, the development of models for the 
prediction of recovery, recrystallization, and grain growth based on 
physical metallurgy is urgently required.

The behavior of recrystallization can be divided into discontinu-
ous recrystallization and continuous recrystallization in appearance. 
The discontinuous recrystallization is caused by the growth of new 
grains that are generated in deformed microstructure and have low 
dislocation density. Usually, recrystallization refers to this discon-
tinuous recrystallization. On the other hand, the continuous recrys-
tallization is a phenomenon in which the dislocation cells or sub-
grains (SGs) formed by deformation grow as-is into grains. In this 
paper, the continuous recrystallization means SG growth in the same 
mechanism as that of normal grain growth not through nucleus for-

mation and growth, and it is not taken into consideration that a low 
angle boundary (SG boundary) changes to a high angle boundary 
(grain boundary) during recrystallization. In addition, the distinction 
between the continuation and discontinuity is purely phenomeno-
logical, and the existence of microscopic mechanisms to distinguish 
these two has not been clarified.2) Furthermore, when considering 
modeling of the recrystallization behavior, the representation meth-
od of nucleation in discontinuous recrystallization currently remains 
the most important issue.3)

About 20 years ago, Humphreys devised a unified theory for 
continuous and discontinuous annealing phenomena by means of 
the SG growth mechanism that had been analyzed as individual 
phenomena until then.2) In their mean field analysis, the possibility 
of the abnormal growth of a specific SG (i.e., the nucleation of dis-
continuous recrystallization) can be expressed using the SG interfa-
cial energy and mobility that differ according to the inter-subgrain 
misorientation. As this SG growth model by Humphreys can repre-
sent the spontaneous nucleation behavior of recrystallization includ-
ing the orientation of recrystallization nuclei, many researchers have 
tried to simulate the recrystallization behavior using the Monte Car-
lo (MC) model 4–7) and the Vertex model 8–10) as microstructure calcu-
lation techniques based on this model to date.

The content of this paper is organized as follows. In Chapter 2, 
the SG growth model 2) by Humphreys, which has played an impor-
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tant role in the consideration of the recent recrystallization models is 
outlined, illustrating the previous studies that combined the SG 
growth model with microstructure calculation techniques. In Chap-
ter 3, we discuss the main calculation results 11, 12) of our recrystalli-
zation behavior prediction conducted by coupling the SG growth 
model with the phase-field (PF) methodology. In Chapter 4, this pa-
per is concluded. This paper is partly excerpted from our report 13) in 
Tetsu-to-Hagané, and reconstituted for Nippon Steel & Sumitomo 
Metal Technical Report.

2.	 Unified SG Growth Model
As described in the Introduction, Humphreys, about 20 years 

ago, proposed an idea that allowed for integrated modeling of the 
process that starts from the nucleation in recrystallization to the 
grain growth after the primary recrystallization, regardless of con-
tinuous or discontinuous recrystallization.2) In this chapter, an out-
line of this SG growth model is given. Incidentally, Rollett and Mul-
lins devised a model that was on par with Humphreys' model around 
the same time separately from the study by Humphreys.14)

With deformed microstructure in which the rearrangement of 
dislocations has progressed to a certain extent, the microstructure is 
referred to as an aggregation of SGs.1) When such aggregation of 
SGs is annealed, the substantially uniform coarsening of all SGs 
constitutes a continuous phenomenon as (a), (b) in Fig. 1; and the 
abnormal coarsening of a specific SG alone constitutes a discontinu-
ous phenomenon as (c), (d) in Fig. 1. In the case of the continuous 
phenomenon, both the SG growth (continuous recrystallization) and 
normal grain growth can be expressed using the interface misorien-
tation and the scale of the targeted space. Similarly, in the case of 
the discontinuous phenomenon, the discontinuous recrystallization 
(primary recrystallization) and the abnormal grain growth (second-
ary recrystallization) can be expressed.

Now, we will consider the model using Fig. 2 as a system com-
prising the minimum required components for analysis. The cells in 
Fig. 2 represent SGs or grains. Actual cells that make up a system 
have various sizes and interface properties. However, for simplicity, 
the component elements of the system here are limited to the aggre-
gation of the cells that has an average grain size <R> and an average 
misorientation <θ> (thus, interface energy <γ> , interface mobility 
<M> ), as well as a single cell that has the properties (R, θ, γ, M) dif-
ferent from those of the aggregation of the cells.

The assumption of a cellular microstructure as described above 
is considered to be appropriate for the alloys of high stacking fault 
energy with the relatively small additive elements (e.g., most alumi-
num alloys and ferritic steel) deformed at relatively high tempera-
ture. However, the modeling cannot be a good approximation for 
metals of low stacking fault energy deformed at low temperatures. 
Recently, Zurob, et al. have devised a model that is applicable to 
even alloys with low stacking fault energy by considering the time 
variation of the dislocation density existing in cells.15)

Due to space limitations, here we describe the results without 
detailing the process. The ratio between the growth rates of a cell 
aggregation and a grain abnormally growing is calculated by the fol-
lowing equation.

d ( R ) =
1 ( <R>

dR
− R

d<R> ) (1)
dt <R> R2 dt dt

From this equation, the condition under which the microstructure 
loses the stability and the discontinuous growth occurs can be ex-
pressed by the following equation.

<R>
dR

− R
d<R>

  >  0 (2)
dt dt

When substituting the expressions 16) for dR/dt and d<R>/dt de-
rived by Hillert into the above equation, the following equation is 
obtained.

M<γ> −
<R>Mγ

−
R<M><γ>

  >  0 (3)
R 4<R>

In order to simplify the representation, equation (3) is rewritten us-
ing the relative values as follows.

X =
R

,    Q =
M

,    G =
γ

(4)
<R> <M> <γ>

When using these values, equation (3) becomes

Y  =  4QX  −  4QG  −  X
 2  >  0 (5)

If Y = 0, the following equation is satisfied.

X  =  2Q  ±  2 ( Q
 2  −  QG )

 1/2 (6)

The two solutions of equation (6) give the boundary values as to 
whether the grain growth becomes discontinuous.

The conditions that make the growth discontinuous depend on 
the relative values X, G, and Q of grain size, interface energy and 
mobility, respectively. Figure 3 shows the relationships of Q values 
and the attainable size ratios X for the various values of G. Looking 
at Fig. 3, when M and G are fixed, the attainable size ratio due to the 

Fig. 1	 Schematic illustration of (a, b) continuous and (c, d) discontinuous 
annealing phenomena

Fig. 2   Idealized cellular microstructure assumed in the mean field analysis
	 Grains are approximated to spheres of radii R and <R>.
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discontinuous growth is indicated as well as the size ratio required 
for discontinuous growth. After the size ratio reaches the attainable 
maximum value, the growth proceeds while X is maintained at a 
constant value. Generally, the discontinuous growth is likely to oc-
cur when the X and M values are large while the G values are small. 
However, if the interface energy and the interface mobility of SG 
boundaries are the functions of misorientation θ, it is difficult for a 
situation in which M values are large and G values are small to be 
realized. Humphreys mainly discussed the stability of SG structure 
and the possibility of recrystallization due to the strain-induced 
grain boundary migration (SIBM) using equation (6) and the bound-
ary mobility and energy as a function of the misorientation.2) Fur-
thermore, the analysis in consideration of the grain boundary pin-
ning due to the precipitated second phase 17) was also performed.

The above model is an excellent one, but uses simplified micro-
structure, which makes it difficult to analyze explicitly considering 
the local arrangement of individual SGs. Many researchers have 
conducted the numerical calculations of recrystallization behavior 
considering the SG structure since Humphreys presented the SG 
growth model. As the research focusing on the nucleation process of 
discontinuous recrystallization, Holm, et al.4) used the MC model 
for discussing the nucleation of discontinuous recrystallization in 
single crystals using the crystal orientation distribution obtained 
from the experiment.

With the Vertex model, Weygand, et al.9) investigated the effect 
of SG structure on the SIBM of existing grain boundaries, using the 
bicrystal system composed of the SG structures. Specifically, they 
conducted calculations while changing the mean SG size in a grain 
across the existing grain boundary. Humphreys 8) performed the nu-
merical analysis of the nucleation behavior of recrystallization from 
the transition band using the Vertex model, considering a single 
crystal structure taking the transition band into account as the initial 
structure. As an example of research focusing on the growth process 
in discontinuous recrystallization (especially the growth at the re-
crystallization front), Radhakrishnan, et al.6) used the MC model in 
the analysis of the effect of SG structure on the migration velocity 
of an existing grain boundary (i.e., recrystallization front), while 
changing the SG structure across existing grain boundaries of a bi-
crystal, thereby varying the strain energy introduced by deforma-
tion.

As a research for polycrystalline microstructure, Weygand, et 

al.10) used the Vertex model in the verification of the conditions un-
der which discontinuous recrystallization is initiated by the nucle-
ation from an existing grain boundary by using the simple initial 
configurations based on experimental observations. Further, they 
also derived the Avrami exponent from numerical calculation re-
sults. On the other hand, Radhakrishnan, et al.7) modeled the de-
formed microstructure using the crystal plasticity finite-element 
method (CPFEM), the obtained strain energy distribution and orien-
tation distribution were converted into SG structure, and the recrys-
tallization texture was calculated by the MC model. Furthermore, 
Takaki, et al.18) also modeled deformed microstructure using the CP-
FEM, and converted it into SG structure while maintaining the dis-
tributions of strain energy and crystal orientation in order to link the 
deformed microstructure with the recrystallization model using the 
PF methodology.

3.	 PF Simulation of Recrystallization Based on the 
SG Growth Model

3.1	Model outline and calculation conditions
In this chapter, the results of the recrystallization simulation are 

discussed. In the simulation, the PF method was combined with the 
SG growth model and utilized as a microstructure calculation tech-
nique. In particular, (i) the recrystallization front velocity when the 
discontinuous recrystallization occurs 11) and (ii) the relationship be-
tween the discontinuous/continuous transition of the recrystalliza-
tion and the fraction of the high-angle grain boundary in the initial 
structure 12) are shown. Due to space limitations, we would like to 
ask readers to refer to individual references 11–13) for more informa-
tion.

The PF model used to reproduce microstructure evolutions is the 
modified version of Fan and Chen's model 19, 20). Fan and Chen's 
model uses many order parameters to express polycrystalline micro-
structure and the model was extended in order to take the anisotropy 
in interface mobility and energy into consideration 21, 22). In the mod-
el, the excess energy caused by the curvature of interfaces is consid-
ered as the driving force of recrystallization. At a low-angle grain 
and SG boundary (θ < θm), the dependence of the interface mobility 
and energy on the misorientation was respectively assumed as fol-
lows.
For mobility 2): 

L (θ) = L0 ( 1 − exp ( − 5 ( θ )
4 ) ) θ ≤ θm (7)

θm

For energy 23): 

γ (θ) = γ0

θ ( 1 − ln
θ ) θ ≤ θm (8)

θm θm

At a high-angle grain boundary, the dependence of the interface mo-
bility and energy as above was assumed to be constant values L0 and 
γ0, respectively.

In the numerical calculations, finite difference grid interval Δx 
and time interval Δt are Δx = 1.0 and Δt = 0.1, respectively. Also, in 
the following discussion, the length and area are indicated in units 
of the number of grid points (g. p.), and the reference unit of time is 
(s'). All calculations were performed in two dimensions. The calcu-
lation results described in this chapter can be roughly divided into (i) 
calculations on the time evolution of recrystallization fronts, and (ii) 
integrated calculations from the nucleation in recrystallization to the 
grain growth after the recrystallization completion.

For (i), the two-dimensional regions of A, B, and C shown in 

Fig. 3	 Conditions for discontinuous growth as a function of the relative 
sizes (X), boundary energies (G) and mobilities (Q) of the grains

	 Stating point and end point of the arrow in the figure indicate the 
minimum value required for abnormal growth and the maxi-
mum value attained in abnormal growth, respectively.
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Fig. 4 were considered. The region size is 1 0242. An initial structure 
was constructed as follows: first, a polycrystalline microstructure 
was created by simulating normal grain growth with the assigning 
of one of the groups of orientation. After that, each different orienta-
tion was assigned to the regions A and B. The purpose of the simu-
lation was to examine the time evolution at the recrystallization 
front, i.e., BC interface. Here, A was assumed to be an immovable 
region, and the interfacial misorientations between A and B and be-
tween A and C were θAB = 1 and θAC = 1 (deg), respectively. In addi-
tion, θBC > 15, which means that the BC interface is always a high-
angle grain boundary, was assumed. Based on these assumptions, 
the simulation was performed, changing the misorientation θCC in 
the SG structure C.

Figure 5 shows the initial structure in the case of (ii) in which a 
large number of existing grains are present. In this figure, the num-
ber of existing grains N = 12, and the initial mean SG size <R0> = 
7.42. The size of the calculation region is 2 1002, the large polygons 
are the existing grains in which the small grains that are individual 
SGs can be seen. The initial configurations were prepared as fol-
lows. First, a polycrystalline microstructure was created by simulat-
ing normal grain growth under the assumption of a single orienta-
tion group for the entire system. Next, all the SGs were divided into 
12 groups by using a weighted Voronoi tessellation. The total num-

ber of SGs is approximately 23 000. Here, only the mechanism in 
which existing grain boundaries bulge was considered as the nucle-
ation mechanism of recrystallization. The nucleation in discontinu-
ous recrystallization requires the presence of high-angle grain 
boundaries. In particular, in small strain regions, it has been con-
firmed experimentally that the existing grain boundaries are impor-
tant nucleation sites.1) The differences between a (existing) grain 
boundary and a SG interface, which were important to the simula-
tion, are defined as follows.10, 12)

(1)	Generally, a grain boundary is a high-angle boundary with high 
energy and high mobility compared with an SG interface.

(2)	The misorientation at an SG interface is small, and the interfa-
cial energy and interface mobility vary greatly depending on 
the misorientation.

(3)	Actual misorientation between SGs are dispersed with a certain 
degree of distribution. However, only one type of SG interface 
with misorientation θCC is considered to simplify the calcula-
tion. Accordingly, no recrystallization nucleus is formed in ex-
isting grains.

Based on these assumptions, the simulation was conducted with 
the change made in the inter-subgrain misorientation θCC and the 
number of existing grains N. The change of these two values along 
with the progress of deformation has been experimentally confirmed 
to exert large influence on the recrystallization behavior.24, 25) In par-
ticular, this paper discusses the analysis results of the relationship 
between N and the discontinuous/continuous recrystallization transi-
tion.
3.2	Migration velocity of recrystallization fronts in absence of 

bulk recovery 
Prior to the simulation results conducted using the PF method, 

we evaluate the migration velocity of the recrystallization front us-
ing the SG growth model 2) by Humphreys. In order to simplify the 
problem, the microstructure is considered to comprise of only two 
components: an assembly of cells of mean radius (<RC>), boundary 
type (misorientation <θCC>, energy <γCC> and mobility <MCC>) and 
SGs that are potential recrystallization nuclei with grain size (RB) 
and interface properties (θBC, γBC, MBC). Here, assuming <RC> < RB 
and <MCC> << MBC, the growth rate of the recrystallization front (i.e., 
interface between B and C) can be expressed as follows.

dRB = v =
MBC<γ>

(9)
dt <RC>

Accordingly, when the grain growth (recovery) in the SG aggrega-
tion is negligibly small, the velocity v of the recrystallization front 
has a constant value in inverse proportion to <RC>.

Next, we evaluate our numerical simulation results by using 
equation (9). Considering the system as shown in Fig. 4, the ratio of 
the interface mobility (MR = <MCC> / MBC) was assumed to be 0.01 in 
order to suppress the recovery in the SG aggregation C. In addition, 
the ratio of the interfacial energy (γR = <γCC> / γBC) was assumed as 1. 
Under these conditions, the initial mean SG size <RC> (0) of the ag-
gregation C was changed from 8.12 to 31.6 to perform the calcula-
tion. Figure 6 shows the relationship between migration velocity v 
of the BC interface and 2.0 <RC> (0). The average value of 400 < t < 
3 600 was used as velocity v. As shown in this figure, except for 
<RC> (0) < 12.0, a linear relationship was obtained, and the migration 
velocity of the BC interface was a constant value in conformity to 
equation (9). In the case of <RC> (0) < 12.0, it is considered that the 
linear relationship was not obtained due to the low resolution of the 
computational grid that was not high enough to describe the curva-

Fig. 4	 Schematic illustration of the simulation system with regions A, B 
and C

Fig. 5	 Initial configuration of the simulation system comprising 12 
grains

	 Calculations were performed on a two-dimensional lattice with a 
size of 2 1002 (g.p.).
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ture of SGs in the aggregation C.
When the recovery in the SG aggregation is obvious, a decline 

in v involved in the decrease of the driving force can be confirmed 
using the same model.11) Furthermore, a recent analysis has shown a 
zigzag pattern of a recrystallization front, for which the cause is still 
unclear.26)

3.3	Influence of total number N of existing grains in polycrystal-
line microstructure
The total number N of existing grains was adjusted by changing 

the aspect ratio of existing grains while compressing in the Y-axis 
direction and maintaining a constant length in the X-axis direction. 
Figure 7 shows each initial structure with N = 48 and N = 192. Fig-
ure 8 shows the time variation of the mean SG sizes with N = 12, N 
= 48, and N = 192, using θCC = 4 (deg) and <R0> = 7.42. The percent-
ages of high-angle grain boundaries in the initial structure of these 
three configurations were 3.2%, 7.7%, 29.8%, respectively. For 
making a comparison, we have also utilized the initial structure with 
N = 192 and the isotropic (i.e. aspect ratio = 1:1) existing grains. This 
condition will be hereafter referred to as N = 192 (ISO). In this case, 
the percentage of the high-angle grain boundaries in the initial struc-
ture was 12.7%. If the percentage of the high-angle grain boundaries 
is small enough, a discontinuous recrystallization takes place and 
the slope of the growth curve exhibits a great change twice as shown 
in Fig. 8. In this case, the growth curve can be divided into three re-
gions; the nucleation in the discontinuous recrystallization (begin-
ning of the abnormal grain growth of specific SGs), growth of re-
crystallization grains, and grain growth after the recrystallization 
completion.

On the other hand, in the case of N = 192 where the percentage 
of the high-angle grain boundaries is highest, the growth curve 
shows significant deviation from its characteristic of discontinuous 
recrystallization. The reason for this is as follows. The nucleation 
site of recrystallization increases along with the increase of N, and 
the initial recrystallization velocity increases. However, when N in-
creases in excess, existing grain sizes become smaller, resulting in a 
situation in which the collisions between recrystallized grains are 
likely to occur. Such collisions prevent the long distance migration 
of high-angle grain boundaries (i.e., recrystallization fronts). When 
considered in combination with the results of N = 192 (ISO), it is 
contemplated that the percentage of the high angle-grain boundaries 
rather than the aspect ratio of existing grains dominates the disconti-
nuity of recrystallization.

According to the experimental results of Jazaeri,24) et al., the dis-
continuous and continuous transition value of recrystallization is a 

high-angle boundary percentage at 60%. However, this threshold 
greatly depends on the definition of the discontinuous recrystalliza-
tion as well as the target material. At least, the calculation results in 
this section showed the suppression of discontinuous recrystalliza-
tion because of the enlargement of the high-angle boundaries.

4.	 Conclusion
In this paper, we illustrated the models that can predict the uni-

fied process from the nucleation of the recrystallized grain to the 
grain growth after the recrystallization by considering SG structures. 
In particular, we outlined the SG growth model of Humphreys 2), 
which played an important role in considering the recent recrystalli-
zation models, and described our simulation results 11, 12) of recrystal-
lization behavior conducted by using the phase-field (PF) method 
for microstructure calculation based on the SG growth model. As 
the characteristics of this model make consideration of individual 
SGs necessary, the calculation cost becomes enormous. Conse-
quently, even if the parallelization of numerical calculations and the 
improvement of algorithms are performed, the calculations will un-
avoidably take long periods of time. Considering the practical utili-
ty, we believe that appropriate uses of the SG growth model should 
be considered, for example, the use for the parameter derivation in a 
Kolmogorov-Johnson-Mehl-Avrami (KJMA) model 27).

In addition, such an approach can allow us to separate phenome-

Fig. 6	 Relationship between the temporal average of the velocity, <v> 
and the inverse of 2.0×<Rc>(0)

	 Value of <v> is obtained by averaging over 400 < t < 3 600 in each 
simulation run. Solid curve is the results of a least-squares fit of 
data points in the range <Rc>(0) > 8.0.

Fig. 7   Initial configurations with N = 48 and N = 192
Initial mean subgrain radius, <R0> is kept constant as <R0> = 7.42. Frac-
tion of high-angle (pre-existing) grain boundaries in the initial structure 
were 3.2% (N = 12), 7.7% (N = 48), 29.8% (N = 192), and 12.7% (N = 192 
(ISO)).

Fig. 8	 Temporal evolutions of the mean subgrain radius <R> for vari-
ous values of N

	 In the case of N = 192, the obtained recrystallizaition curve exhib-
its significant deviations from a sigmoidal shape.
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na that can be fully represented by a KJMA model from those that 
cannot be reproduced without considering the SG structure explicit-
ly. While this report does not describe the time evolution of the tex-
ture during recrystallization, it has been made possible to perform 
the three-dimensional analysis of recrystallization behavior (includ-
ing the texture change) using the PF method in which the actual 
crystal orientation is considered.26)

When performing the recrystallization analysis starting from SG 
structures, the most important thing is the means for obtaining de-
formed microstructure as the initial values of the calculations. One 
of the methods 28) is to use the crystal orientation distribution meas
ured though the electron backscatter pattern (EBSP) method. On the 
other hand, as a usage of numerical calculations, there is a method 
to reproduce deformed microstructure through the CPFEM as de-
scribed in Chapter 2. For the integrated analysis from deformation 
to annealing, it is necessary to develop a model for the prediction of 
microstructural evolution during deformation that can capture the 
formation of a heterogeneous deformation region around a grain 
boundary and coarse precipitate or shear band, in conjunction with 
the approach described above. This is because the heterogeneous 
deformation region and the shear band are preferential nucleation 
sites of discontinuous recrystallization. Finally, the recrystallization 
behavior prediction model based on the SG growth model intro-
duced in this paper is premised on the existence of SGs in the initial 
configuration. As already described, this premise is not always pos-
sible. Accordingly, the development of a simulation method that in-
cludes the SG formation process is also a future challenge.
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